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Prediction of Melting Temperature and Latent Heat for Low-melting Metal PCMs
Pan  Aigang,     Wang  Junbiao,     Zhang  Xianjie
Shaanxi Engineering Research Center of Digital Manufacturing Technology, Northwestern Polytechnical University, Xi’an 710072, China
Abstract: Models are presented for predicting the melting point and the latent heat of low-melting alloys to facilitate the design of phase change materials (PCMs). Based on the characteristics of entropy and enthalpy during the transition of material phase, the prediction models of melting point and latent heat for eutectic binary system were established at first, and then the models were extended into multicomponent system. Calculated melting points and latent heats of 15 selected low-melting alloys were compared with measurement results using DSC, and it is found that there exists a good agreement between the prediction and the experimental data. A criterion for preparation of metallic PCMs was also proposed. In order to obtain a higher latent heat alloys, an element with higher latent heat should be selected as component of the alloy, and the mole fraction of the element should be increased. The advantage of the models proposed is that the melting point and the latent heat of a certain PCM can be predicted mathematically, avoiding many experiments needed in conventional ways.
Key words: low-melting alloy; phase change materials (PCMs); melting point, latent heat; prediction model
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As an innovative and passive thermal management technology [1], phase-change thermal control is widely used in thermal management filed of spacecraft and advanced portable electric devices [2-5]. Phase change material (PCM) is recognized as the key for development of phase-change thermal control technology [6]. Compared with other PCMs, metallic PCMs have the advantages such as higher density and conductivity, little or no undercooling, no phase stratification and little volume change during melting in the aspect of energy storage characteristics requirement [7].
Generally speaking, the melting point and the latent heat of PCMs are the two main criteria for their selection. Usually, the metallic PCMs are selected from the literatures. However, few literatures about metallic PCMs for thermal management application are published. Therefore selecting PCMs from literatures could not meet the numerous engineering requirements. Pal dealt with the application of Bi-Pb-Sn-In for passive thermal control of avionics Standard Electronic Modules (SEMs) [8]. Yoo used Wood’s metal as PCMs for simulating thermal management process of the transient thermal loads of electronic components [9]. Some commercial metallic PCMs were introduced in Refs. [10,11]. The design of PCMs is, however, usually by trial and error based on numerous experiments, which is proved to be time-consuming and expensive. It is natural to establish a series of mathematical models so as to predict the melting point and the latent heat of PCMs by experiments as few as possible. Compared with few studies in the aspect of melting point prediction, more attentions are paid to the explored researches in the aspect of latent heat prediction. Teldes proposed that, employing the second law of thermodynamics, the latent heat of element could be calculated with melting point of element [12]. Birchenall figured that using standard procedures of classical thermodynamics and common approximations, the equations for calculating the latent heat of eutectic alloys were written [13,14]. 

The present study focused on developing models for predicting the melting point and the latent heat by analyzing the characteristics of entropy and enthalpy of eutectic binary system during material phase transition. The prediction models of multicomponent system were then developed.

1  Eutectic Construction of Binary System

Usually, eutectic alloys are used as metallic PCMs because of their stability, unique melting point and latent heat like elementary substance. A typical eutectic construction of binary system is shown in Fig.1, which has component A and component B with mole fraction of xA and xB, respectively. 

2  Prediction Model of Melting Point (PMMP)

Assuming that liquid L composed of A and B is a regular liquid, and the difference of mole heat capacity between liquid and solid of A and B is negligible. The equations of chemical potential in liquid A and B at temperature T are:
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where, μ is the chemical potential, G is the Gibbs free energy, γ is activity coefficient, R is the gas constant (R = 8.31 J/mol-1·K-1) and the superscript letter L denotes liquid. a is activity, which can be calculated according to the mole fraction xi and activity coefficient γ.
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Usually, γ is obtained experimentally, or calculated by the prediction model [15-17]. Independent of experimental data, a model which has a good agreement with experimental result is employed to predict the activity coefficients for alloys [17].
In the same way, the equations of chemical potential in solids A and B at T are as follows:
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      (3)
where the superscript letter S indicates solid. Combining Eq.(1), Eq.(3) and the equilibrium conditions of liquid eutectic and solid solutions, a set of equations can be get.


[image: image4.wmf]LSSL

AAAA

LSSL

BBBB

(lnln)

(lnln)

GGRTaa

GGRTaa

ì

-=-

ï

í

-=-

ï

î

                    (4)
At melting point Tm, the Gibbs energy changes of the ith component are
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where Li and Ti are the latent heat and the melting point of ith component, respectively. According to Eq.(4) and Eq.(5), the equations for liquid line of the binary system A-B are written as follows:
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The melting point Tm for binary alloys can be calculated by Eq.(6) for xB< xE and Eq.(7) for xB>xE.
For the multicomponent system, the PMLH (prediction models of latent heat) is developed based on the binary system. It is assumed that a n-component alloy consists of component 1, component 2, ……, and component n with the mole fraction of x1≥x2≥……≥xn. According to the recursion relation as shown in Fig.2, the melting point for n-component alloy is predicted step by step as follows:
(1) Treating component 1 and component 2 of n-component alloy as component A1 and component B1 of binary alloy 2′, and the melting point of 2′ is calculated using PMMP;

(2) Assuming that a (n－1)-component alloy consists of component 2′ and the remained n－2 components of n- component alloy. Therefore, the calculation of n-component alloy can be simplified as calculation of the (n－1)- component alloy;

(3) Repeating the above steps for n－1 times. Then it is found that the calculation of n-component alloy can be simplified as the calculation of binary alloy composed of component (n－1)′ and component n through PMMP for binary alloy.

3  Prediction Models of Latent Heat (PMLH)
In this section, PMLHs for binary eutectic system A-B as shown in Fig.1 are derived firstly, and then extended to n-component system.

3.1  PMLH 1

Assuming that a binary alloy consisting of component A and component B has two routes for solid-liquid transformation, as shown in Fig.3. For conservation of entropy, the entropy changes for two routes are equal.
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As shown in Fig.3, the expressions of entropy changes for different routes of solid-liquid transformation can be written as follows:
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Fig.1  Eutectic construction of binary system
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Fig.2  Recursion relation for the melting point predicting of multicomponent alloy
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where Halloy, HA and HB are the phase-changing enthalpies of alloys, component A and component B, respectively. 
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are the mixing enthalpies of alloy in solid and liquid, respectively. ΔS are the component A and component B entropy changes caused by temperature variation.
For derivation convenience, the logical approximations can be made as follows:

(1) The phase-changing enthalpies of the pure elements are equal to the latent heat of the pure elements (Hi = Li); 

(2) The phase-changing enthalpies of alloy are equal to the latent heat of alloy (Hm = L);

(3) Mixing enthalpies in solid could be treated as zero, because endothermic reaction and exothermic reaction almost do not exist in solid solution (
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(4) Differences between heat capacities of the eutectic liquid and solid can be neglected for a moderate temperature variation near the eutectic temperature Tm, and ΔS can be given as follows:
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where Ci is the specific heat of the components.

Combining Eqs.(8)~(11), the prediction model of latent heat for binary alloy is given as follows:
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In the PMLH, the latent heat L of alloy contains two parts obviously. The first part consists of components latent heat, which stands for the contribution of latent heat of pure elements; the second part consists of components sensible heat which stands for the contribution of specific heat difference between solid and liquid of pure elements.
Eq.(12) can be extended for predicting the latent heat of n-component alloy. Using the mathematical induction, the expression of PMLH for n-component alloy is shown as
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3.2  PMLH 2

For a binary system A-B as shown in Fig.1, using standard procedure of classical thermodynamics and common approximations, the Gibbs free energy changes during phase transition for binary alloy can be written as follows:
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where ΔGA and ΔGB are the Gibbs free energy changes during phase-changing for component A and component B, respectively, and ΔGmix is the mixing Gibbs free energy of components. The approximations are as follows:

(1) For no or little undercooling, differences between specific heats of eutectic liquid and solid can be ignored because of moderate temperature variation near the melting point Tm;

(2) The latent heat of formation L and the enthalpy change of formation ΔH are equal to the Gibbs free energy of formation ΔG approximately, because the entropy change must be very small, viz., L = ΔH ≈ ΔG;

(3) Treating all solutions as ideal solutions and all intermediate phases as completely ordered phases. Because the Gibbs free energy change for the eutectic reaction at Tm must be zero, the Gibbs free energy change can be assigned to the enthalpy change.
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                           Fig.3  Entropy changing of binary eutectic system along two different route

Near the melting point Tm, the expressions of ΔGA and ΔGB are given as follows:
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Combining Eq.(15) and Eq.(16), Eq.(14) is transformed into following expression:


[image: image20.wmf]alloyAABBmix

LxLxLG

=++D

                    (17)
For a binary system A-B as shown in Fig.1, before component A and component B are mixed, the expression of Gibbs free energy of the system is as follows:
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And after component A and component B are mixed, the expression of Gibbs free energy of the system is as follows:
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where ΔGmix is mixing Gibbs free energy, which is given as follows:
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According to the third approximation (ΔHmix=0) and ΔSmix which can be expressed as follows:
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it is found that
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According to Eq.(22), PMLH 2 is written as follows:
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Eq.(23) can be extended for predicting the latent heat of n-component alloy. Based on the mathematical induction, the expression of PMLH 2 for n-component alloy is the following:
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Eq.(24) also contains two parts, as same as Eq.(12). The first part consists of components latent heat, and the second part consists of mixing energy caused by the entropy change of the components mixing.
4  Experimental Procedure
In the present study, the melting points and the latent heats of several Ga alloys and Bi alloys, whose melting points are below 100 °C, were tested. Some physical properties of concerned elements are listed in Table 1[18].

Table 2 shows the results of calculated and measured melting points and latent heats for the selected alloys. All the alloys used in the present study were prepared with vacuum graphite pot in laboratory. The measurements were 

Table 1  Physical property of the pure elements [18]
	Element
	Melting point/K
	Latent heat/ J·g-1
	Cs/J·(g·K)-1

	
	
	
	Solid
	Liquid

	Ga
	302.9
	80.22
	0.372
	0.343

	In
	429.7
	28.47
	0.238
	0.273

	Sn
	505.1
	60.29
	0.243
	0.255

	Bi
	544.5
	50.24
	0.127
	0.151

	Cd
	594.2
	54.00
	0.239
	0.291

	Pb
	600.6
	24.28
	0.126
	0.142

	Al
	933.2
	393.56
	0.921
	1.143


Note: Cs-specific heat

Table 2  Calculated and measured melting points and latent heats for selected binary, ternary and quaternary alloys

	Alloy
	Melting point/K
	     Latent heat/J·g-1

	
	Calculated
	Measured
	PMLH 1
	PMLH 2
	Measured

	No.
	Mole fraction
	
	
	Value 1
	Value 2
	Value 1
	Value 2
	

	1#
	Ga-0.084Sn
	291.4
	293.0
	73.37
	74.12
	75.17
	75.17
	78.29

	2#
	Ga-0.165In
	283.1
	288.2
	65.50
	66.58
	70.63
	70.61
	71.68

	3#
	Ga-0.021Al
	300.0
	299.7
	78.94
	78.87
	86.55
	86.55
	82.59

	4#
	Bi-0.782In
	348.7
	346.3
	22.29
	22.06
	31.70
	31.71
	22.46

	5#
	Ga-0.154In-0.111Sn
	281.0
	283.8
	60.88
	61.36
	68.27
	68.25
	69.03

	6#
	Bi-0.582In -0.188Sn
	333.4
	334.6
	24.60
	24.50
	36.78
	36.77
	29.88

	7#
	Bi-0.288Pb -0.244Sn
	370.3
	368.1
	28.30
	28.09
	41.96
	41.98
	28.99

	8#
	Bi-0.167Sn-0.144Pb-0.302In
	356.4
	331.5
	26.24
	23.83
	37.73
	38.00
	28.98

	9#
	Bi-0.194Sn-0.232Pb-0.158Cd
	365.2
	344.9
	27.25
	25.25
	43.77
	43.00
	24.51

	10#
	Ga-0.05Sn
	296.0
	293.1
	76.38
	75.71
	74.40
	75.71
	79.22

	11#
	Bi-0.645In
	330.5
	327.3
	21.61
	21.30
	34.41
	34.43
	30.82

	12#
	Ga-0.149In-0.067Sn
	280.9
	284.1
	63.08
	63.74
	69.64
	69.63
	71.20

	13#
	Bi-0.352In-0.223Sn
	379.9
	352.4
	31.61
	28.65
	40.63
	40.93
	36.91

	14#
	Bi-0.285Sn-0.163Pb-0.147In
	373.9
	348.9
	30.30
	27.77
	41.63
	41.90
	21.71

	15#
	Bi-0.222Sn-0.253Pb-0.14In
	369.8
	348.2
	27.76
	25.65
	42.36
	42.60
	25.36


Note: *value 1 was calculated using the calculated melting point; value 2 was calculated using measured melting point
performed with TA instruments differential scanning calorimeter (DSC). The measurements were calibrated by two purified elements of In and Zn. Small alloy samples were melted and refrozen in crucible to insure good thermal contact during measurement. 

5  Discussion
5.1  Errors between the calculated and measured melting points

The distribution of errors between the calculated and measured melting points for the samples are shown in Fig.4. Observably, a good agreement is shown between the calculated and the measured results. To evaluate the reliability of prediction model, the root-mean-square error (RMSE) was employed, which is given as follows:
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Several factors which may cause the errors are as follows:

(1) The hypothesis of neglecting the difference of mole

heat capacities between liquid and solid of pure elements was employed in the prediction model, but the difference must exist, and probably is very large actually;

(2) The errors between the calculated activity coefficients and the measured activity coefficients were introduced in the melting point prediction model, and the errors of melting point presented an increasing extent with the increasing of number of components;

(3) The errors caused by the difference between the practical component mass fraction and the ideal components mass fractions were introduced to the prediction model.

5.2  Errors between the calculated and measured latent heat

Fig.5 shows the distribution of errors between the calculated and the measured latent heats, where the latent heat was calculated by the calculated melting point. As shown in Fig.6, using the PMLH 1, sample 14# has the maximum error of 39.6%, and samples of 4# has the minimum error of 0.8%. Using the latent heat prediction PMLH 2, sample 14# has the maximum error of 91.2%, 
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Fig.4  Errors of calculated and measured melting points for alloys
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Fig.5  Errors of calculated and measured phase-change latent heat for alloys (by calculated melting point)
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Fig.6  Errors of calculated and measured phase-change latent heat for alloys (by measured melting point)

and sample 5# has the minimum error of 1.1%. The RMSEs of the two prediction models are as follows:
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The less the RMSE, the less dispersion the prediction model has. Obviously, PMLH 1 has a less dispersion, which indicates that PMLH 1 is more reliable and suitable for the latent heat calculation.
The distribution of errors between the calculated and measured latent heats is shown in Fig.6, where the latent heat was calculated by the measured melting point. The RMSEs are as follows:
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A same conclusion as aforementioned can be drawn from Eq.(27). It is indicated that PMLH 1 could lead to a more exact calculated results, and PMLH 2 could lead to an expeditious prediction for PCMs per-selection because of its simple expression.
5.3  Influences of the melting point error on calculated latent heat

In the prediction models of latent heat, melting point is one of key parameters. The effect of the difference between a calculated melting point and a real melting point on the calculated latent heat is discussed as follows. 

For PMLH 1, assuming that the real melting point of an alloys is TReal , the error between the calculated melting point and real melting point is εT>0, the error of latent heat caused by εT is εL. The expression of calculated melting point is written as TCal=Tm+TmεT. According to Eq.(13), εL is written as:
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Generally, for a pure element, the specific heat in liquid is greater than that in solid, and
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The inequality (29) indicates that εT affects εL, which means that the accuracy of the calculated latent heat increases with the accuracy of melting point.

For PMLH 2, there exist a slight difference caused by different meting points. εL caused by εT is written as follows:
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where ln(xi) <0, and according to the values in Table 1, calculated results are given by the following:
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Combining Eq.(30) and inequality (31), an inequality including εL and εT is obtained as follows:
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The inequality (32) shows that εT barely affects εL, and the effect of the accuracy of melting point on the accuracy of calculated latent heat is gradually weakened with the increasing of component number of alloys.

5.4  Influences of the latent heat of components

The expressions of PMLHs indicate that the alloy containing components with higher latent heat and mass fraction has higher latent heat. Measured results shown in Table 2 verify the aforementioned conclusion. As shown in Fig.7, the distribution of measured latent heats of alloys exhibits that Ga alloys have visibly higher latent heats than Bi alloys. A primary reason could be that Ga has higher latent heat than Bi.


Fig.7  Measured latent heat of alloy

In conclusion, alloys consisting of components with higher latent heats and mass fractions have higher latent heats, which have a good agreement with the prediction of PMLHs. Thus, a criterion in preparation of metallic PCMs is that: in order to obtain the alloy with higher latent heat, an element with higher latent heat should be used as the component of alloy, and mole fraction of the element should be increased.

6  Summary
1) Calculated melting point and measured melting point show a good agreement. Therefore PMMP is available for the melting point prediction.
2) PMLH 1 is used for an exact result, and PMLH 2 is used in an expeditious prediction for PCMs per-selecting because of its simple expression. 

3) In PMLH 1, the accuracy of calculated latent heat increases with the accuracy of calculated melting point, and in PMLH 2, the calculated melting point barely affects the calculated latent heat.

4) For obtaining alloys with higher latent heat, the components with higher latent heat and mass fraction are needed.
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低熔点金属相变材料的熔点和相变潜热的理论预测
潘艾刚，王俊彪，张贤杰
(西北工业大学 陕西省数字化制造工程技术研究中心, 陕西 西安 710072)

摘  要：为“设计”金属相变材料（PCM），建立了低熔点合金的熔点和相变潜热的计算模型。通过分析二元共晶合金相变中熵及焓等状态量的变化特点，推导出熔点和相变潜热预测模型，并将预测模型向多元合金进行了推广。利用预测模型计算得到15种低熔点合金的熔点和相变潜热的计算值，通过与DSC的测试结果进行比较并且对误差进行分析发现：熔点和相变潜热的计算值与测量值具有较好的一致性。并且得出一个配制金属相变材料的原则：若想得到相变潜热较高的合金，则应该选取相变潜热高的元素作为合金组元，并且提高该元素的含量。该预测模型的优点是仅用合金元素本身的物理参数即可较准确地预测合金的熔点和相变潜热，从而避免了大量的实验。
关键词：低熔点合金；相变材料；熔点；相变潜热
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