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Abstract: A series of Schmid factor (SF) maps for different slip and twinning modes in zirconium were calculated and illustrated as 

a function of the tensile angle between the applied stress and the c-axis together with the projective angle on the basal plane. The 

results show that the deformation modes include three groups of slip systems, i.e. basal slip, prismatic slip, pyramidal <a> and 

<c+a> slip, and four groups of twinning systems, i.e. {1012 }, {1121 }, {1122 } and {1011}. The “soft” and “hard” orientation 

zones of individual plastic deformation modes were determined. A variant selection criterion for slip and twinning of zirconium was 

proposed. The plastic deformation mechanism was interpreted based on the Schmid factor maps in combination with the 

experimental data of the critical resolved shear stress (CRSS) under different deformation modes. The predicted plastic deformation 

mechanism is consistent with the experimental results. 

 

Key words: Schmid law; slip; twinning; variant selection; anisotropy; zirconium 

 

 

 

 

Zirconium and its alloys owning hexagonal closed packed 

(HCP) crystal structure display excellent ductility during 

deformation at room temperature even though they have less 

than five independent plastic deformation modes to fulfill von 

Mises criterion 

[1]

. The two most common slip systems, 

prismatic and basal slips, offer only four independent modes. 

Four independent modes are also provided by the pyramidal 

slip systems with a Burgers vector, which are crystallo- 

graphically equivalent to the combined four independent 

modes by cross slip between basal and prismatic slip 

systems

[2]

. Furthermore, the distribution of these slip systems 

is asymmetry in the space, and the critical resolved shear 

stress (CRSS) on different slip planes is significantly different. 

As a result, anisotropic deformation behavior appears in 

zirconium and its alloys

[3,4]

. Up to date, the plastic deforma- 

tion behavior of zirconium has been the subject of many 

investigations

[5-10]

. It is well established that <a> slip on 

{1010 } prism plane is the most active deformation mode in 

zirconium with an axial ratio, c/a, of 1.593 

[11]

. Other possible 

slip systems include {1011} and {1121} pyramidal slip and 

{ 0001} basal slip. The critical resolved shear stress (CRSS) 

of pyramidal and basal slips is higher than that of the 

prismatic slip. As one of primary plastic deformation modes, 

twinning plays an important role in maintaining the 

homogeneous plastic deformation in zirconium. Four types of 

twins have been reported, i.e. {1012 }, {1121}, {1122 } and 

{1011} twins. 

The Schmid factor (SF) and the CRSS are two vital 

parameters for determining the activity of different deforma- 

tion mechanisms under the applied stress. The Schmid factor 

indicates the hard/soft degree of different deformation modes 

under certain applied stress orientation. The CRSS is a critical 

parameter of material for activating certain deformation mode. 

The Schmid factor distribution in combination with the CRSS 

can be used to predict the plastic deformation behavior of 

material

[12-15]

. The Schmid criterion is expressed as 

ys CRSS

m=σ τ , where τ

CRSS

 is the CRSS for one certain 

deformation mode, and m is the Schmid factor. The τ

CRSS

 is a 

parameter of material dependent on deformation temperature, 

strain rate, impurity etc

[16-18]

. 
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The SF value is usually calculated and expressed in 

stereographic triangles with orientation index

[19,20]

. However, 

Nan et al

[21]

 systematically calculated SFs as a function of 

angle between the c-axis and the loading direction and the 

selected three projective locations on the basal plane, (0°, 15°, 

and 30°), relative to the loading direction for different 

deformation mechanisms in magnesium. An angle between the 

a

1

-axis and the projected location of the loading direction on 

the basal plane was introduced in this work to establish a 

comprehensive SF distribution map. In combination with the 

experimental data of the CRSS, these SF maps can be used to 

predict the plastic deformation mechanism, the yielding 

anisotropy, and variant selection effect in zirconium. 

1  Experiment 

Typical slip modes in zirconium and zircaloy include <a> 

slip on basal { 0001 }, prismatic { 1010 } and pyramidal 

{1011} planes, and <c+a> slip on pyramidal {1011} and 

{1121} planes. The twinning modes consist of two types of 

tensile twinning {1012 }< 1011> and {1121}< 1126 >, and 

two types of compression twinning { 1122 }< 1123 > and 

{1011}<1012 >. For a specific deformation mode (slip or 

twinning), (hkil) [uvtw], the slip or twinning plane normal 

with 3-index is given by: 

[ ]

2

1 1 1

3

2 , 2 , ( )

2

l a

h k l h k h k

c

 

= + +

 

 

                (1) 

where a and c are the lattice parameters, equal to 0.3232 and 

0.5147 nm for zirconium with a c/a axial ratio of 1.593, 

respectively. The slip or twinning direction with 3-index is 

expressed as: 

[ ] [ ]

1 1 1

, ,u v w u t v t w= − −                         (2) 

The loading direction can be expressed with two angles of α 

and θ, as shown in Fig.1. θ is an angle between the c-axis and 

the loading direction. α represents an angle between the 

a

1

-axis and the projected location of the loading direction on 

the basal plane. The clockwise direction is set as positive. The 

loading direction can be expressed by 3-index as follows: 

0θ = ° : 
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The cosine functions cosφ and cosλ can then be calculated 

by: 
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(4) 

The calculation of Schmid factor is carried out in MATLAB 

software. It is worth noting that twinning is a polar mechanism, 

 

 

 

 

 

 

 

 

 

Fig.1  Schematic diagram of loading axis: (a) relation of loading 

axis and c-axis and (b) projected location of the relative 

loading direction on the basal plane 

 

which only allows simple shear in one direction, different from 

slip. Therefore, the absolute value of m is used for dislocation slip, 

which allows dislocation to move forward and backward. 

2  Result and Discussion 

2.1  Schmid factor maps of individual slip and twinning 

systems 

Figs.2a~2e show the SF maps as function of two directions of 

α and θ for each individual slip system, which includes 

(0001)[ 1210 ] basal slip, ( 1010 )[ 1210 ] prismatic slip, 

(1011 )[1210 ] first-order pyramidal <a> slip, ( 0111 )[1213 ] 

first-order pyramidal <c+a> slip and (1121 )[1213 ] second- 

order pyramidal <c+a> slip. Elliptical distribution for (0001) 

basal <a> slip is displayed. The maximum SF, m=0.5, is 

located at the center of each ellipse where both the [0001] and 

[1210 ] directions have the same θ angle of 45° to the applied 

stress direction, as indicated by black solid dots in Fig.2a. 

With regards to (1010 ) prismatic <a> slip, semi-elliptical 

distribution is displayed. The maximum SF, m=0.5, is located 

at the center of each ellipse, where the θ is equal to 90°, as 

indicated by black solid dots in Fig.2b. Asymmetric elliptical 

distribution of the SF for ( 0111 ) pyramidal <a> slips is 

displayed, as shown in Fig.2c. For [1210 ] slip on (0001) basal 

planes, (1010 ) prismatic and (1011 ) pyramidal planes, the 

SF shows symmetric distribution, and the common symmetry 

axis is α=150° and 330°, where the stress direction is normal 

to the slip direction [1210 ]. In contrast, no symmetry is 

visible for pyramidal <c+a> slip (Fig.2d and 2e). For [1213 ] 

slip on ( 0111 ) first-order pyramidal plane and ( 1121 ) 

second-order pyramidal plane, their SF distributions are very 

similar because of the same slip direction [ 1213 ], even 

though the high SF zones are located at different areas.  

Fig.3a~3d show the SF distribution as a function of α and θ 

for each individual twin system. The twins include ( 0112 ) 

[ 0111 ] and ( 1211 )[1216 ] tensile twinning, (1212 )[1213 ] 

and ( 0111 )[ 0112 ] compressive twinning. Significant diffe- 

rences are displayed between slip and twinning systems. The 

negative SF value appears in the SF maps of twinning system. 

It indicates that the twin cannot be activated under these 

orientations. Moreover, the SF maps of each slip system 
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Fig.2  Schmid factor distribution map for each individual slip system: (a) ( 0001 )[1210 ], (b) (1010 )[1210 ], 

(c) (1011 )[1210 ], (d) ( 0111 )[1213 ], and (e) (1121 ) [1213 ] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.3  Schmid factor distribution maps for tensile twinning ( 0112 )[ 0111 ] (a) and ( 1211 )[1216 ] (b), and compression 

twinning (1212 )[1213 ] (c) and ( 0111 )[ 0112 ] (d) 

 

have at least two high SF zones, while only one high SF zone 

is observed for twinning system.  

High SF zone of m≥0.450 is defined as “soft” orientation 

zone in terms of the resolved shear stress, which is higher in 

“soft” zone than in the rest zones under the same applied 

stress, as marked with the red color in Fig.2a~2e and 

Fig.3a~3d. The area fraction of “soft” orientation zone is 

quantitatively calculated, as listed in Table 1. 

It is revealed that the ( 0112 )[ 0111 ] tensile twin has the 

 

Table 1  Area fraction of “soft” orientation zone for individual 

slip and twinning systems 

Deformation mode Area fraction/% 

( 0001 )[1210 ] 6.53 

(1010 )[1210 ] 4.64 

(1011 )[1210 ] 4.95 

( 0111 )[1213 ] 9.46 

Slip 

(1121 )[1213 ] 6.55 

( 0112 )[ 0111 ] 16.9 

( 1211 )[1216 ] 5.00 

(1212 )[1213 ] 2.37 

Twinning 

( 0111 )[ 0112 ] 2.41 

largest area fraction of “soft” orientation zone, which is 

concentrated within the area of θ<20°. While the area 

fractions of “soft” zone for two compression twins 

{1122 }<1123 > and {1011}<1012 > are the smallest, which 

implies that they are the hardest to be activated under tensile 

stress. Other slips and twins have similar area fraction of 

about 5% “soft” zone except the ( 0111 )[1213 ] slip is 9.46%. 

In comparison, the low SF area (m≤0.05) is defined as the 

“hard” orientation, as marked with dark blue zones in 

Fig.2a~2e and Fig.3a~3d. The minimum values (m=0) are 

marked with white dashed lines. It means that these 

deformation modes cannot be activated in these orientations, 

as shown in Fig.2 and Fig.3. 

2.2  Variant selection for individual slip and twinning 

systems 

It is well-known that each slip and twin systems have 

several variants (geometrical equivalent deformation mode). 

We integrate the SFs maps of all variants into one formula 

according to the criterion as follows: 

1 2

( , ) ( , ) ( , ) ( , )

SF max(SF ,  SF ,  ,  SF )

n

= �

α θ α θ α θ α θ

         (5) 

where n is the number of variant, as shown in Fig.4 and Fig.5. 

The orientation relation of “soft” orientation zone (high SF) 
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Fig.4  Schmid factor distribution map for each individual slip system: (a) { 0001 }<1120 >, (b) {1010 }<1120 >, 

(c) {1011}<1120 >, (d) {1011}<1123 >, and (e) {1121 }<1123 > 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5  Schmid factor distribution map for each individual twinning system: (a) {1012 }< 1011>, (b) {1121 }< 1126 >, 

(c) {1122 }<1123 >, and (d) {1011}<1012 > 

 

between different variants can be distinguished. Different 

deformation modes will be activated with the variation of θ, 

while the different slip and twinning system variants will be 

displayed with the variation of α. When the applied stress is 

located at the overlap area of two or more “soft” zones of 

variants, the double or multiple slip or twinning will be 

activated at the same time. The area fraction of “soft” 

orientation zone is also quantitatively calculated, as listed in 

Table 2. It is revealed that the <c+a> slip on pyramidal {1011} 

 

Table 2  Area fraction of “soft” orientation zone for individual 

slip and twinning systems including geometrical 

equivalent variants 

Deformation mode Area fraction/% 

{ 0001 }<1120 > 19.59 

{1010 }<1120 > 13.92 

{1011}<1120 > 14.8 

{1011}<1123 > 58.2 

Slip 

{1121 }<1123 > 54.2 

{1012 }< 1011> 20.6 

{1121 }< 1126 > 26.1 

{1122 }<1123 > 14.2 

Twinning 

{1011}<1012 > 14.5 

and {1121} planes has the largest area fraction of “soft” 

orientation zone. While the {1012 }< 1011> tensile twin has 

the largest overlap area between its variants. This means that 

the variant selection for slip and twin can be interpreted based 

on these SF maps of zirconium. 

2.3  Interpretation of deformation mechanisms in 

zirconium under the applied stress 

The activity and selection of deformation modes in the 

zirconium subjected to applied stress are dependent on the SF 

and τ

CRSS

 according to the Schmid law. Each deformation 

mode has a “soft” zone with high SF value, where the slip or 

twin is easy to be activated. According to the calculated SF 

maps, high SF zone or “soft” zone is summarized in Table 3. 

Most “soft” deformation zones overlap each other, indicating 

that they have the high SF values under the same stress 

direction. The deformation mode with the lower τ

CRSS

 will be 

activated prior to others if they have the same SF. For instance, 

two pyramidal <c+a> slips of {1121 }<1123 > and {1011} 

<1123 >, pyramidal <a> and prismatic <a> slip have similar 

SF value when the direction is nearly perpendicular to the 

c-axis, while the prismatic <a> slip is firstly activated prior to 

pyramidal slip because of its lowest τ

CRSS

. Alternatively, 
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Table 3  High SF zone of different deformation modes 

Deformation mode High SF zone, θ 

{0001} <1120 > (32°, 58°) 

{1010}<1120 > (71.6°, 90°) 

{1011}<1120 > (52.5°, 88.1°) 

{1011 }<1123 > 

(6.4°, 36.7°) 

(61.6°, 88.2°) 

Slip 

{1121 }<1123 > 

(20°, 52.2°) 

(53.1°, 81.6°) 

{1012 }< 1011> (0°, 18.7°) 

{1121 }< 1126 > (14.6°, 40.5°) 

{1122 }<1123 > (64.2°, 90°) 

Twinning 

{1011}<1012 > (60.6°, 86.5°) 

 

suitable orientation can be chosen from the SF maps. The 

Schmid factor for one system should be sufficiently high 

compared to others so that the slip system can be activated on 

the desired plane. 

For different deformation modes, the yield stress can be 

expressed under the stress direction (α, θ) according to the 

Schmid law. While the yield stress of material is calculated by 

the following equation: 

1 2

( , ) ( , ) ( , ) ( , )

min( ,  ,  ,  )

n

=

α θ α θ α θ α θ

σ σ σ σ�

           (6) 

The deformation mode with the lowest σ will be the 

preferential deformation mode. On the one hand, the m (SF) is 

a stress orientation-dependent parameter for different 

deformation modes. On the other hand, the τ

CRSS

 is a constant 

of material independent of the stress direction. It is affected by 

the temperature, strain rate, impurity etc.

[22,23]

. Therefore, the 

plastic deformation behaviors and the variant selection for 

individual slip and twinning systems in zirconium can be 

predicted based on the combination of the SF map and the 

experimental τ

CRSS

 values. The variation of τ

CRSS

 for different 

deformation modes with temperature in pure Zr is shown in 

Fig.6 according to Ref.[24-27]. 

Fig.7 shows the variation of deformation mode with the 

stress direction and the testing temperature. At room tempe- 

rature, the dominant deformation mode is prismatic <a> slip 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.6  Variation of τ

CRSS

 with temperature for different deformation 

modes in zirconium with different oxygen contents 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.7  Deformation mode transformation with temperature in 

zirconium single crystal 

 

and {1012 } tensile twin. The prismatic <a> slip takes place 

when θ>45°, while the {1012 } tensile twin takes place when 

θ<45°. Moreover, the activity of prismatic <a> slip increases 

with temperature due to the decrease of the τ

CRSS

. The τ

CRSS

 of 

basal slip is similar to that of the prismatic slip when the 

testing temperature reaches about 800 K. As a result, the basal 

slip is activated at temperatures over 800 K. The dominant 

deformation mode has a transition with temperature from 

prismatic slip+twin to prismatic slip+basal slip at about 800 K. 

Fig.7 also compares the predicted results with the 

experimental results in single crystal from different 

investigators 

[28-30]

. A good agreement is displayed. 

It is worth noting that the pyramidal <c+a> slip does not 

appear in Fig.7, while it has been observed under deformation 

with certain constraints or at high temperatures 

[16,29]

. It is 

because the τ

CRSS

 of pyramidal slip is about more than 10 

times higher than that of prism <a> slip at different 

temperatures (Fig.6). The further study is needed in the future. 

3  Conclusions 

1) The Schmid factor maps in zirconium as a function of the 

tensile angle between the applied stress and the c-axis together 

with the projective angle on the basal plane are systematically 

calculated under different deformation modes. The “soft” and 

“hard” orientation zones, which indicate the difficulty of 

plastic deformation under different deformation modes, can be 

distinguished. 

2) The area fraction and location of high SF zone are two 

important characteristics in SF distribution map. They play 

key roles in determining deformation mode. The tensile angle 

between the applied stress and the c-axis, θ, determines the 

selection of slip and twinning systems, while the projective 

angle on the basal plane, α, determines the variant selection of 

individual slip and twinning systems. 

3) Based on SF map in combination with the experimental 

critical resolved shear stress, different deformation 

mechanisms and their variation selection with temperature are 
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interpreted. The deformation mode transformation in 

zirconium can be predicted. The predominant deformation 

mode has a transformation with temperature from prismatic 

slip+twin to prismatic slip+basal slip at about 800 K. 
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