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Abstract: The limit loads, J integral results and failure assessment curve (FAC) of the circumferential through-wall cracked
isotropic and orthotropic pipes of pure titanium TA2 were calculated based on the 3-dimensional (3-D) elastic-plastic finite element
(FE) analyses. The effects of pipe geometry, crack size and orthotropy on the FAC were investigated. Calculation results show that
the limit load and J integral of the isotropic pipe and the anisotropic pipe are obviously different. For the failure assessment curves,
when the load ratio Lr<0.9, if the orthotropic material is evaluated as an isotropic material, the evaluation result is conservative. On
the contrary, when the load ratio Lr>0.9 and if the orthotropic material is evaluated as an isotropic material, the evaluation result is
somewhat dangerous. And it is most dangerous when the mechanical properties of the orthotropic material in axial direction are
stronger than in circumferential direction. Thus the orthotropy of circumferential through-wall crack pipe cannot be neglected for
defect assessment.
Key words: TA2; orthotropy; limit load; J integral; failure assessment curve; circumferential through-wall cracked pipe

Titanium and its alloys have many advantages such as good
heat resistance, good corrosion resistance and high strength[1].
As a new type of structural material with broad development
prospects, titanium is used more and more extensively. Since
titanium tube is put on the market, it has become a preferred
material for condenser and heat exchanger[2]. With the
extensive application of titanium, the problem of safe use of
pressurized titanium structures has also attracted increasing
attention. Among the structural defects, the pipe crack is very
common.
For the safe operation and efficient maintenance of piping
components in plants, a reliable defect assessment method is
necessary. Based on the fracture mechanics theory, the
structural integrity safety evaluation system was established
according to the fitness for service, which has been widely
used all over the world[3, 4]. In order to establish the failure
assessment curves of cracked pipes, the determination of
J-integral and limit load of cracked pipes is essential. For
instance, Kumar[5] et al introduced plastic influence functions
for J of pipes with a circumferential through-wall crack
(TWC). Zahoor[6] extended the applicability of the solutions to

axial and circumferential TWC. Park[7] et al investigated the
plastic influence functions for the thin-walled pipes with a
circumferential TWC. Extensive investigations[8,9] have been
made to determine limit loads of cracked pipes under various
loading conditions. Furthermore, the failure assessment curve
of TA2 was studied by Chen et al[10]. The failure assessment
curves of titanium pipes containing surface cracks under room
temperature creep have been studied by Dai et al[11]. However,
the orthotropy of alloy is seldom considered in the researches
listed above. Generally, titanium is regarded as an isotropic
material in engineering applications, while many experiments
have proved that titanium is orthotropic[12], and the pipes also
show orthotropy in the circumferential, radial and axial
directions. It was found that the difference between the
circumferential direction and the axial direction has an
influence on the crack propagation[13]. If the titanium is treated
as an isotropic material in the defect assessment, the result
may be inaccurate. Bai et al[14] has studied the failure
assessment curves of orthotropic central crack specimen and
proved the necessity of considering the effect of orthotropy on
the FAC. Therefore, it is very meaningful to study the safety
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assessment of orthotropic titanium pipe containing throughwall cracks.
In the present paper, in order to obtain failure assessment
curves of orthotropic titanium pipe with circumferential
through-wall crack, three-dimensional finite element (FE)
analyses for circumferential through-wall cracked pipe were
performed. In terms of the effects of orthotropy, both isotropic
and orthotropic pipes were considered with different crack
angles and ratios of pipe mean radius to thickness.

1

Finite Element Analysis

1.1 Material properties
Many experiments have shown that there are obvious
differences in the mechanical properties between circumferential
and axial directions of the titanium pipe. Some have proved
that the mechanical properties in circumferential direction are
stronger than those in axial direction[12]. However, the material
parameters of different batches will fluctuate due to the
differences in chemical composition and molding process.
Ref.[15] demonstrates two opposite results, that is, the
material parameters in axial direction are greater or lower than
those in circumferential direction for aluminum pipe. In order
to consider the effect of circumferential and axial mechanical
parameters on failure assessment curves, a finite element
model was created under four conditions in the present work.
“Isotropy 1” pipe takes the material parameters of set 1 which
is of isotropy with lower strength. “Isotropy 2” pipe takes the
material parameters of set 2 which is of isotropy with higher
strength. “Orthotropy1” pipe takes set 1-2, and “orthotropy 2”
pipe takes set 2-1. Set 1-2 means that the properties of axial
direction take set 1, and the properties of circumferential
direction take set 2. Set 2-1 means the opposite definition. The
data of mechanical properties are shown in Table1. As shown
in Fig.1, when the material parameters of orthotropy in
circumferential direction are greater than those in axial
direction, it is defined as “orthotropy 1”. Otherwise, it is
defined as “orthotropy 2”.
For isotropic material, the Ramberg-Osgood stress-strain
law is a fit table, and the stress-strain relationship is expressed
as:

σ 
ε
σ
=
+α  
 σy 
εy σy
 

n

(1)

where σy, εy, α and n denote the yield strength, strain at yield
strength, coefficient of R-O idealization and strain hardening
exponent, respectively. According to the tensile test, the
stress-strain relationship is obtained, and the material
parameters α and the hardening exponent n are also obtained.
The results are seen in Table1.
For orthotropic pipe, it has nine independent elastic
constants in three orthotropic directions, including three
elastic modulus, 3 Poisson’s ratios and 3 shear modulus. The
properties of orthotropic materials are characterized by Hill
yield criterion. As the wall thickness is thin, it is difficult to
obtain the radial material parameters. In this paper, they are
replaced by the average value of axial and circumferential
properties[16].
1.2 Finite element model and boundary conditions
Fig.2 depicts a circumferential through-wall cracked pipe
with relevant dimensions under internal pressure p. The mean
radius and the thickness of pipe are denoted as Rm and t,
respectively. The crack length is characterized by the half
crack angle θ. To quantify the effect of pipe geometry and
crack size on failure assessment, three different values of Rm/t
were employed, Rm/t=5, 10, 20, and three different values of θ
were considered, 15°, 30° and 45°.
The FE models of titanium pipe with circumferential
through-wall crack were built with the number of elements
ranging from 962 to 1324. Symmetry conditions were used in
the FE models to reduce the computing time, and only one
quarter of the pipe was modeled. The length of the pipe is three
times longer than the diameter which is long enough to
eliminate the effect of boundary condition. Fig.3 depicts the FE
mesh for Rm/t=5 and θ=30°, and a ring of wedge-shaped
elements was used in the crack-tip region. The crack tip mesh is
Table 1

Mechanical properties of TA2

Elastic
Yield
Poisson’s Material
Hardening
Set
modulus/GPa strength/MPa ratio, ν parameters, α exponent, n
1
102
284
0.34
0.816
10.54
2
122
308
0.34
1.22
12.81

Ro

Rm

Fig.1

Two different orthotropic cases

Fig.2

Schematic illustration of TWC pipes
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Fig.3

Typical finite element meshes of circumferential through-wall
cracked pipe with Rm/t =5 and θ=30o

refined and the minimum size of crack tip mesh is 0.034 mm.
To avoid problems associated with incompressibility, reduced
integration elements (element type C3D8R in ABAQUS) were
used. In order to calculate FE J integral, a total of 5 contours
were considered around crack-tip. In addition to the first
contour, the results of the 2nd to 5th contour were basically
the same, the maximum error was less than 1% of each
contour, and the 2nd to 5th contour were used for J integral
calculations by averaging[17].
Internal pressure was applied as a distributed load on the
inner surface of FE model, together with an equivalent axial
stress. More importantly, to consider the effect of crack face
pressure, 50% internal pressure was applied to the crack face
in the present work[18].

2

Analysis of J Integral and Plastic Limit Load
According to Finite Element Results

2.1

Limit load for isotropic and orthotropic pipes with
circumferential through-wall crack
The effect of plasticity on failure assessment diagram is
expressed in abscissa Lr, which is defined as the ratio of
applied load to limit load of the structure, P/P0. In finite
element calculation, based on the calculated loaddisplacement curve, the limit load P0 of the structure can be
determined according to the twice elastic slope criterion[19].
The limit loads of circumferential through-wall cracked
isotropic and orthotropic pipes are shown in Fig.4a~4c.
Generally, the limit load of circumferential through-wall
80

cracked pipe is inversely proportional to the crack angle and
ratios of pipe mean radius to thickness for both orthotropic pipe
and isotropic pipe. It is obvious that the limit load of orthotropic
pipe is greater than that of isotropic pipe. The orthotropy of pipe
material has a certain influence on the loading capacity of the
pipe. If titanium is regarded as an isotropic material in the
defect assessment, there is a certain error, so the effect of
orthotropy on limit load cannot be neglected.
As we can see in Fig.4, with the change of angle, the
difference between the limit load of orthotropic pipe and
isotropic pipe is basically unchanged or slightly reduced, and
the limit load of “orthotropy 1” pipe is always 2%~6% greater
than that of “orthotropy 2” pipe. The difference remains
basically stable with the increase in crack size. This indicates
that the difference in mechanical properties between the
circumferential and axial direction of titanium pipes affects
the limit load of orthotropic pipe.
Ref.[14] has studied above two different cases of
orthotropic central crack specimen. The results show that the
limit loads, when the crack propagation direction is
perpendicular to the rolling direction (same as set 1-2), are
greater than those when the crack propagation direction is
consistent with the rolling direction (same as set 2-1).
Similarly, in the present paper, the limit pressures of
“orthotropy 1” pipe are greater than those of “orthotropy 2”
pipe.
2.2 J integral calculation of circumferential through-wall
cracked pipe
J integral is related to the ordinate Kr, which is defined as
the square root of elastic integral and elastic-plastic integral
ratio. It is also one of the important contents of the FAC.
2.2.1 Influence of orthotropy on circumferential throughwall cracked pipe
In order to study the effect of orthotropy on the J integral
results, the orthotropic results are compared with the isotropic
results under different crack angles and different ratios of pipe
mean radius to thickness. Fig.5 shows the J integral curve of the
circumferential through-wall cracked orthotropic TA2 pipe.
As shown in Fig.5a~5c, in general, there is a big difference
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of J integral between isotropic pipe and orthotropic pipe, and
the difference is bigger as the crack angle decreases. And as
shown in Fig.5a, 5d and 5e, the thicker the wall thickness of
pipe, the greater the effect of orthotropy on J integral. Under a
lower internal pressure, the difference between orthotropic
results and isotropic results is very small. As can be known
from the previous section, the limit load of orthotropic pipe is
greater than that of isotropic pipe. When the load reaches the
limit load of the pipe, a wide range of yield phenomenon will
appear in the crack tip, and the pipe is in the plastic
deformation stage, resulting in a significant increase in J value.
So with the increase of internal pressure, the J integral of
circumferential through-wall cracked isotropic pipe increases
significantly earlier than that of the orthotropic pipe, and so
does the increasing rate. Compared to orthotropic pipes,
isotropic cracked pipes will crack first.
Similarly, the limit loads of “orthotropy 2” pipe are less
than those of “orthotropy 1” pipe, so the J integral of
“orthotropy 2” pipe presents a significant increase first. And
the J integral increasing rate of “orthotropy 2” pipe is greater
than that of “orthotropy 1” pipe. After the significant increase
appears, the J integral of “orthotropy 1” pipe is obviously
smaller than in other cases, indicating that crack propagation
is relatively not easy to occur.
In conclusion, the orthotropy has a great influence on J
integral. The difference of mechanical properties between the
circumferential and the axial direction of the titanium pipes
affects J integral.
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2.2.2 Influence of crack size and load on J integral
Since the change trends of J integral are similar under
different ratios of pipe mean radius to thickness, taking Rm/t=5
as an example, the effect of crack angle and load on J integral
is demonstrated in Fig.6.
Fig.6b shows that the crack size has little effect on J
integral at lower internal pressure. However, with the increase
of crack angle, the difference in J integral at different crack
angles is obvious. And the larger the crack angle, the more
sensitive the J integral to the load, especially when the crack
angle is greater than 30°. From the calculation of limit load, it is
known that the limit load decreases almost linearly as the crack
angle increases. When the load reaches the limit load of the pipe,
a wide range of yield phenomenon will appear in the crack tip,
and the pipe is in the plastic deformation stage, resulting in a
significant increase in J value. So as can be seen in Fig.6a, the
larger the crack size, the faster the J integral increasing rate, and
the smaller the loading capacity of the pipe.
2.3 J integral and plastic limit load based on EPRI method
2.3.1 Original EPRI method for circumferential throughwall crack
The EPRI method can provide J integrals using the plastic
influence functions calibrated by FE analyses based on R-O
relation for through-wall cracked pipes[5]. In this method, the J
integral according to the applied load is calculated by
summing elastic J and plastic J, as in following equation.
J = J e ( a ) + J P ( a, n )
(2)
where Je and JP denote elastic and plastic J integral, respectively.
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calculated by the FE J values as follows.
(5)
J P = J FE − J e
where JFE denotes the total J integral obtained from
elastic-plastic FE analyses. Elastic J values are calculated
from the elastic FE analyses for circumferential through-wall
pipe. Rewriting Eq.(6) with respect to h′1 :
J − Je
JP
h1′ =
=
(6)
P n+1
P
θ
θ
ασ yε y Rm (π − θ )( )
ασ yε y Rm (π − θ )( )n+1
π
P0
π
P0
The plastic J integral and elastic-plastic J integral are taken
into the Eq.(6) to obtain the change of coefficient with load.
As shown in Fig.7, the value, when the load reaches the
stability, is taken as the whole plastic solution coefficient. The
new plastic influence functions for circumferential throughwall crack in pipe are presented in Table 2. Taking Rm/t=5 and
θ=30° as example, Fig.8 compares the FE J results with those
using the proposed EPRI-based estimates. It can be seen that
the modified EPRI-based J estimates are overall in good
agreements with the FE results. The error between the two
results is less than 2%.
2.3.3 Fitting of orthotropic limit loads for circumferential
through-wall cracked pipe based on GE/EPRI method
Limit load formula of typical samples is given in the EPRI

Influence of load (a) and crack angle (b) on J integral of

The elastic J integral for the circumferential through-wall
cracked pipes can be expressed by following equation.
K2
(3)
Je = I
E′
where KI denotes a remote stress intensity factor, E'=E for
plane stress, E'=E/(1–v2) for plane strain condition, E is elastic
modulus of the material, and v is Poisson’s ratio.
The plastic J for circumferential through-wall cracked pipes
can be estimated by the related geometric variables, as in the
following equation[20].
R θ
θ
P
J P = ασ yε y Rm (π − θ )h1 ( m , , n )( ) n +1
(4)
π
t
π
P0
where h1 denotes the plastic influence function for the J
estimation. P denotes the magnitude of the applied load and P0
denotes the plastic limit load corresponding to the applied load.
The σy, εy, α and n denote the yield strength, strain at yield
strength, coefficient of R-O idealization and strain hardening
exponent, respectively.
2.3.2 Modified plastic influence function for circumferential
through-wall cracked pipe
In order to calculate J integrals of circumferential throughwall cracked pipes based on EPRI method, the plastic
influence functions for circumferential through-wall cracked
pipes, h′1 , should be developed according to crack size, pipe
geometries and strain hardening exponents of materials. The
plastic J for calibration of plastic influence functions was

h1

“orthotropy 1” pipe
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Table 2

Variation of h1 with Lr

Plastic influence functions for circumferential
TWC in pipe
h′1
Ratio of pipe mean
Pipe
radius to thickness
15°
30°
45°
Isotropy 1
2.58
1.91
0.58
Isotropy 2
1.4
1.32
0.33
Rm/t=5
Orthotropy 1
7
5.7
3.45
Orthotropy 2
5.97
3.83
0.96
Isotropy 1
4.54
2.02
0.91
Isotropy 2
2.78
1.56
0.54
Rm/t=10
Orthotropy 1
12.9
8.92
6.13
Orthotropy 2
9.19
4.6
1.18
Isotropy 1
4.75
3.47
1.93
Isotropy 2
3.01
1.85
0.96
Rm/t=20
Orthotropy 1
20.09
8.19
4.31
Orthotropy 2
12.22
5.02
3.07
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In order to verify the rationality of the fitting formula, the
parameter m results of Rm/t=5, 10, 20 and the proposed
polynomial approximation are compared in Fig.9. The gap
between the m results of Rm/t=5, 10, 20 and the proposed
polynomial approximation is all within 2%, which indicates
that the fitting formula is reasonable.
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engineering method. In these years, the scholars have
performed a lot of analyses on the limit load for other
structures or loading conditions and proposed corresponding
analytical solutions.
In this section, for isotropic material, the calculated limit
load is normalized, that is, the data is processed as the form
P0Rm/2σyt. The specific data of limit load are analyzed, and the
relationship between the limit load and the crack size is
considered as follows:
P0 Rm
θ 
= f 
(7)
2σ y t
π

Failure Assessment Curves

According to the limit load calculated in section 2.1 and the
results of J integral, the FAC of the circumferential throughwall cracked pipe is obtained by R6 option 3.
The FAC of the isotropic and orthotropic pipes with
circumferential through-wall crack is analyzed and compared
in Fig.10. For the isotropic pipe, the failure assessment curves
of “isotropy 1” pipe are slightly different from those of the
“isotropy 2” pipe due to the material properties, but the overall
trend is consistent. The FAC for the orthotropic pipe is slower
than that for isotropic pipe when the load is relatively low
(Lr<0.8), and it decreases rapidly when the load ratio reaches
about 0.9. The failure assessment curves are also different in
different orthotropic cases. When Lr<0.9, the FAC of
“orthotropy 1” pipe is located under the FAC of “orthotropy
2” pipe, and when Lr>0.9, the opposite is true.
It can be seen from Fig.10 that four failure assessment
curves have an intersection at a load ratio of about 0.9. When
Lr<0.9, as observed in Fig.10a~10c, the failure assessment

Based on FE results of Rm/t=5, the following polynomial
approximation is proposed.
Isotropy 1:
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However, in order to obtain a simple engineering estimation
method for the limit load of orthotropic pipe, orthotropic
materials can be simplified to isotropic materials by introducing parameter m and making P0' =m·P0. Eq.(10) and (11) are
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curves of orthotropic pipes are located above the isotropic pipes.
But the failure assessment curves of orthotropic pipes and
isotropic pipes become closer and closer with the increase in
crack angle, indicating that if the cracked titanium structure is
evaluated as isotropy, the results will be conservative at lower
loads and smaller crack angles. At the same time, according to
Fig.10a, 10d and 10e, as the wall thickness of the pipe
decreases, the failure assessment curves of orthotropic pipes
and isotropic pipes gradually overlap.
When the load ratio is greater than 0.9, the failure assessment
curves of orthotropic pipe are always located under the isotropic
pipe, indicating that if the titanium is simplified as isotropic
material, the evaluation results are somewhat dangerous. And as
can be observed in Fig.10, the FAC of “orthotropy 2” pipe is
always at the bottom when the load ratio is larger than 0.9,
indicating that it is the most dangerous when the mechanical
properties in the axial direction are stronger than those in

circumferential direction. So when the failure assessment of
orthotropic structures with cracks is carried out, not only the
orthotropic properties of the material but also the size of
circumferential and the axial mechanical parameters should be
considered.
As depicted in Fig.10a~10c, when Lr<0.9, R6 option 1 can
provide a safe but conservative failure assessment result when
Rm/t=5. According to Fig.10f, when Rm/t=10, 20, the R6 option
1 is also safe. But with the increase of load, the R6 option 1 and
R6 option 3 have an intersection, so the R6 option 3 is fitter for
specific materials and structures. In addition, as we can see in
Fig.10g, the intersection point moves backward with the
increase of crack angle, which suggests that the application
range of R6 option 1 decreases with increasing the angle.

4

Conclusions
1) The limit load of orthotropic pipe is greater than that of
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isotropic pipe. And the limit load of circumferential
through-wall cracked orthotropic pipe is inversely
proportional to the crack angle. Based on EPRI method, the
calculated limit load is normalized, and then a formula for
calculating the limit load is obtained.
2) The J integral of isotropic pipe is greatly different from
that of orthotropic pipe. The difference in mechanical
properties between the circumferential and axial direction of
the titanium pipes affects J integral. And the larger the crack
size, the faster the J integral growth rate. Based on the FE
results, the new plastic influence functions for circumferential
through-wall cracked pipe are proposed.
3) If the orthotropic material is evaluated as an isotropic
material, the evaluation results are conservative when the load
ratio Lr<0.9. When the load ratio Lr>0.9, the evaluation result
is unsafe, and it is most dangerous when the mechanical
properties in the axial direction are stronger than those in
circumferential direction.
4) R6 option 1 is not fully safe for the failure assessment of
orthotropic TA2 pipes with circumferential TWC. When the
material parameters are known in different directions, the
failure assessment curve of specific material and structure can
be obtained by the finite element method using R6 option 3,
which can be used as a basis for the evaluation of orthotropic
TA2 pipes with circumferential TWC.
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